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ABSTRACT 
We pointed out that there exists a critical frequency of oscillation 
for the vortex-like solution (Teh 1990a) above which the system 
switches to the fields of an alternating current inside a solenoid. 
We also show the existence of a non-abelian gauge for which 
the fields can alternate periodically in space between the abelian 
fields and another abelian (or non-abelian) fields pointing in a 
different isospin space direction. The solutions discussed here 
are real, zero-action Minkowski space configurations. 
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INTRODUCTION 
In the early 1980's, interest involving the 2+1 dimensional gauge field theories with the 
Chem-Simons (CS) term had been shown (Deser et al. 1982a and 1982b, Schonfeld 
1981, and Jackiw and Templeton 1981). The inclusion of the CS term to the Yang-Mills 
(YM) theory was proposed by Deser et al. (1982a and 1982b), who were motivated 
by the connection of 2+1 dimensional gauge theories to the high temperature limit of 
four dimensional models (Dolan and Jackiw 1974 and Weinberg 1974). They observed 
that massless gauge field which is spinless becomes massive with spin one and the 
quantum theory is also infrared and ultraviolet finite in perturbation theory when interacting 
with fermions. Furthermore, topology also leads to a quantization condition on the 
coupling constant-mass ratio, —^ = n, n = 0, ± 1 , ±2, . . . ; in the non abelian gauge 
theories. 
In the Yang-Mills-Chern-Simons (YM-CS) gauge field coupled to two Higgs fields, the 
SU(2) spontaneously broken gauge theory admits electrically charged vortices with 
finite energies (Lozano et al. 1988, de Vega and Schaposnik 1986, and Kumar and 
Khare 1986) which in the 2+1 dimensions, charged vortices must necessarily have 
infinite energies when the CS term is absent. It is also conjectured here that the charged 
vortex lines can find important applications in the early universe as the Euclidean three 
dimensional field theory can be used to study four dimensional physics at high 
temperatures. 
In this paper, we examine the pure SU(2) YM-CS field theory. The purpose here is firstly 
to show that there exists a critical frequency of oscillation of the system for the vortex-
like configuration of Teh (1990a), above which these solutions cannot exist. At frequencies 
higher than the critical frequency, the system is no more vortex-like but corresponds to 
the fields inside a solenoid through which an alternating current of very high frequency 
flows (Teh 1992). These solutions possess zero action when the frequency of oscillation 
co takes on the value zero and V~2 t,. 
Secondly there are several gauges for which the configurations presented here can exist 
and by a "quasi-linear superposition", there exists a gauge for which the fields can 
alternate periodically in space between the abelian fields and the non abelian fields or 
another abelian fields pointing in a different isospin space direction. The gauge 
transformations between the known solutions and the constructed solutions are also 
presented. All the solutions considered here are zero action solutions and they are real 
in the Minkowski space. 
The organization of the paper is as follows: 
Brief formulations of the SU (2), 2+1 dimensional YM-CS theory in the Minkowski space 
are given in Sec. 2. In Sec. 3, the non-abelian solutions are constructed in three 
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different coordinate systems namely the cylindrical polar coordinate system, the rectilinear 
coordinate system and the hyperbolic coordinate system by method of the quasi-linear 
superposition principle. This section is divided into three parts. In part A, we discussed 
the properties of the inductor solution and briefly review the vortex-like solution (Teh 
1992). We then go on to show that there are at least three different gauges for which 
these solutions can exist. The third gauge is actually a quasi-linear superposition of the 
first two gauges, one an abelian gauge and the other, a non-abelian gauge. We also 
show that non-abelian plane-fronted waves (Kundt 1961) and cylindrical-fronted waves 
can be constructed from the abelian ones by a quasi-linear superposition in parts B and 
C, respectively. The non-abelian fields of both these waves solutions can oscillate 
periodically in space between the two different abelian fields. 
THE YM-CS THEORY 
In the non-abelian SU(2), 2+1 dimensional YM gauge theory, the inclusion of the CS 
term leads to the Lagrangian density which is given by 
L
 =
 LYM + LCS' I 1 - ) 
where the YM Lagrangian density is 
= _ , F ; r v ( 2 ) 
and the CS Lagrangian density is 
r = - \ f"ra Tr(AdA+?-AAA) 
= 1 £ p - (A° 3 A° + 1 c<** Aa A" AcJ. (3) 
Here the matrix notation is Au. = gTa Aa and the SU(2) gauge transformation generators 
Ta = ca/2i satisfy the equations [Ta, Tb] = g £" ° Tc. Here o a are the Pauli matrices. The 
CS parameter £ and the square of the gauge coupling constant g have the dimension 
of mass, t, is real in the Minkowski space and is replaced by - iE, in the Euclidean 
space. The SU(2) group indices a, b, c run from 1 to 3 and the space-time indices 
ji, v, a = 0, 1 and 2 in the Minkowski space. The Minkowski space metric used here 
is 9^ = (- + +)• 
The equation of motion that results from the above Lagrangian density (1) are gauge 
covariant, 
3" Fa + g fa6c A"F + T% f F»m = 0, (4) 
fiv & v~ b live 2 ^-VjUa ' v ' 
p = d Aa-d Aa + q fabc Ab Ac (5) 
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even though the Lagrangian density (1) is not gauge invariant. The electric and magnetic 
field of the system is given by 
P = r0i and (6) 
Ba = - J G 0 . faiJ; i.j, = 1,2 (7) 
respectively. The energy-momentum tensor is 
0"v = F"ao C + 9"v A * • (8) 
Hence the energy density is the average of the electric and magnetic energy density, 
goo
 = 1 | p p + e«6«) (9) 
The solutions discussed in Sec. 3 are singular and hence an external source density is 
defined by 
j " = d»Fa + geabc KF +1Zf F"aa. (10) 
Hence the Lagrangian density (1) is modified by the addition of the term [-ja A"11). This 
external source density transforms gauge-covariantly as / —>j' = to j ft)"1 and it is also 
gauge-covariantly conserved as D11 j" = 0. The source can be further characterized 
by defining a gauge invariant total external source strength (Oh ef a/. 1986), 
I = J d2x j " 77 (11) 
where rf is a unit vector in the internal group space that also transforms gauge-
covariantly. When if is also gauge-covariantly conserved, the source strength Iv is 
locally conserved as d^{j^ ff) = 0. 
The SU(2) gauge transformation co[x) can be written as (Actor 1979) 
co(x) = exp(-0o(*} Ta) 
= cos(-i0{*)) + i \ aa sin l\d[x)\ (12) 
where fla[x) is a unit vector defined by 
ea[x)= nae[x). (13) 
Here 0[x) is real for a real SU(2) gauge transformation and complex for a complex 
SU(2) gauge transformation. Hence under a finite gauge transformation, the gauge 
potentials A" become 
A = co A a)-1 - (d co)co-] 
Aa = cos d Aa + sin 9 eabc Ab f\c + 2 sin2 f r\a[r)b Ab) 
+^{ria 9, 0 + sin 0 3, r\a + 2 s i n 2 1 Ga6c (3^ TJ^Tf l . (14) 
In our discussion in Sec. 3, we set the gauge coupling constant g to unity. 
Volume 1, Number 2, December 1994 
Classical Solutions of Yang-Mills-Chern-Simons Theory in 2+1 Dimensions: 
A Quasi-Linear Superposition 
A QUASI-LINEAR SUPERPOSITION 
Here non-abelian solutions that are periodic are constructed from two known solutions 
in the presence of a particular pure gauge potential. The fields of these solutions 
oscillate periodically in space between the fields of the two known solutions. 
(A) The Inductor and Vortex-Like Solutions 
Starting with the ansatz (Teh 1990a and Teh 1992). 
A ; = 0 M R 0 , + T 8 ° ) / - + 5 » J - 0 ; (15) 
where {0/ j = 8; £« *>, /)„ = <5; £ ; p2 = x ] + x? ; ij = 1,2}, R = R(p), x = x (p) 
and f = f[x°), the equation of motion (4) simplify to 
R" + 1/?' _ 4 R + (a?-?) R = 0, (16) 
P p 2 
T- = £/? (17) 
/• = e""o (18) 
where prime means -^-. Eq.(16) is recognized to be the differential equation of the 
Bessel functions Zv (Gradshteyn and Ryzhik 1980) and it can be further reduced to the 
coupled first order differential equation, 
R-
 + iR + ( ® i ^ i i ) T = o. (19) 
The constant frequency of the system a> is arbitrary and when co > £,, the solutions 
chosen for Eq.(19) are the Bessel functions of the first kind J0[z) and J^z), where 
z = V©2 - <fj2 p, in order for the gauge field to be regular at p = 0. Since nature is 
simple, we choose to consider the particular case, co2 = a>0 = 2<f;2. In order to investigate 
the current j , we study the case when the solenoid is of finite extent. In this case all 
space that is outside of the solenoid is just vacuum. This is done by introducing the 
Heaviside function {H(£ - z ) - 1 when (£ -z) > 0; H(£ -z) = 0 when (£ -z) < 0}. The 
gauge potentials can then be written as 
K = *<>(J,\z) 0 , - J0(z) 5;) H(£ - z) e<«-° + <S; 1 ^ (20) 
with J0(S) = 0. Ignoring the~delta function singularity at the origin due to the presence 
of the pure gauge, 53a I 0 , the external source is just an oscillating delta function 
current flowing along the circle z = Z, (or p = 1), 
J:=^0v{-^8^-z)^Jx[z)e^Y (21) 
The gauge invariant total external source strength as defined by Eq.(l 1) is finite and 
given by 
J = - 2 j J . ( | ) e V 0 (22) 
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This total external source strength is also a conserved quantity as 0 a is gauge covariantly 
constant and dv(j"e>a) = 0. 
Since the system is that of an inductor at high frequency, the electric field 
E° = 0" £ J,(z) e^o*0 H(% - z) [i V2~0.-p.) (23) 
and the magnetic field 
B« = 0°${Jo[z)H[S-z) + 8[$-z)J,[z)}ei%*' (24) 
are all located inside the solenoid and elsewhere outside the solenoid are just vacuum. 
The action here vanishes and this is expected for the configuration (20) to be physical. 
As the frequency of oscillation of the external current of the inductor, co, is decreased 
from w0 to !;, the amplitudes of the magnetic fields decrease proportionally \o[co2 - ^ 2 ) ' / 2 
and vanish everywhere when co—> £. As co is further decreased from %, the external 
current (21) seems to collapse to a delta function current that is circulating around 
p = 0. Therefore, a phase transition seems to occur when the frequency of oscillation 
crosses the critical value at co = %. 
When the frequency of oscillation is decreased to co < £, the solutions chosen in order 
for the gauge field to vanish fast enough at large distances are the modified Bessel 
functions K0[z) and K^z) (Gradshteyn and Ryzhik 1980). When the solution is static, co 
= 0, we arrived at the vortex-like solutions of Teh (1990a), 
A; = i«wvw<) + ^ v (25) 
This solution (25) actually has external delta function sources located at p = 0 that are 
due to the singularity of the pure gauge potential S° -p 0 and also that of the function 
K}[z) a\z = 0. As the vortex-like solution has already been discussed (Teh 1990a), we 
will not repeat it here but we would like to make a correction to Oh et al. (1989). The 
action as given by Eq.(l 1) of Oh et al. (1989) is not right as the vortex-like solution 
possess YM Lagrangian density that exactly cancels out the CS Lagrangian density 
when co = 0 and hence possess zero Lagrangian density and action. 
At this point we would like to point out that the abelian gauge potentials 
A ; = 5 ; { / ? ( p ) ^ + T ( p ) ^ } / - ( x ° ) (26) 
with R,xand f satisfying the same reduced equations of motion (16), (17) and (18) is 
also a solution of the YM-CS field theory. In fact there exists a quasi-linear superposition 
between the non-abelian gauge potentials (15) and the abelian gauge potentials (26) 
in the presence of a pure gauge potential, pa p u dnu, where u is an arbitrary 
function of p only. The resulting gauge potentials which can be written as 
Aa = 0a(/?0 +T$)fcnu + £LTT0 
+ ^{Ra^ + 7 8 ) fsnu + p"p u'dnu (27) 
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have electric and magnetic fields given by 
E" = (esa cnu + S; snu) [Rd0f z. - t, Rfp), (28) 
8° = (5« cnu + 5° snu) j - l®Lzi!i -
 T) (29) 
that translate periodically in space between the abelian fields and the non-abelian fields 
which point in the <33a and 0" direction in the internal group space respectively. Here 
cnu, snu and dnu are the Jacobi elliptic functions (Gradshteyn and Ryzhik 1980). 
In this gauge, the YM Lagrangian density and the CS Lagrangian density are given by 
L
™= ~\ H l ^ T ^ F ^ r -R2r - ¥R2{d°f)2} (30) 
Hence the vortex-like and inductor solution (20) have zero action in this gauge when 
snu —> pn and p approaches zero (n > 1). 
As we all know, the abelian gauge potential (26) is related to the abelian gauge 
potential, 
A; = a 2 o ( R 0 M + T 5 ° J / V ) (32) 
by a mere rotation in internal group space. The abelian gauge potentials (32), the non-
abelian gauge potentials (15) and the quasi-linear superposition gauge potentials (27) 
are all related by finite singular gauge transformations, 
Aa % Aa ^> Aa (33) 
where ft), = exp(-S?30Ta) and co2 = exp[-p°6{p)Ta), {a = tan-1 -£•; 9[p) = cos-1 (cnu) = 
sin-1 (snu) = amu). Hence we notice that only when a>2 is nonsingular at p = 0, that is 
when Q(p) —> 0 as p —>0, does the vortex-like and inductor solution of the gauge 
potentials (27) possess zero action. Since the three gauge potentials (32), (15) and (27) 
are connected by singular gauge transformation <y, and co2, the physics that each of 
them described are not necessarily the same. 
(B) The Plane-Fronted Waves 
We notice that the abelian gauge potentials, 
A ; = Sr2[RSl+TS^f and (34) 
A; = ^{RSl+T^Jf (35) 
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are solutions of the YM-CS equation (4) when the functions R = R[x]), j = i (x]) and f 
= f[y) = f[h[x2 + x0)) satisfied the following equations, 
(/?- x ) ' = £{R-T), h = constant (36) 
{R«
 + $7>)f-h2{R_T)jjLf=0 (37) 
ay 
(r"+^R)f-h2(R-j)^T f=0, (38) 
where prime means -j—r . To construct the non-abelian gauge potential from the two 
abelian gauge potentials (34) and (35), the same quasi-linear superposition method of 
part (A) is used. Hence we can write down the non-abelian gauge potential as, 
Al = 8a2(RS*+ j8°)fsnu +S;(R8*+ jtyfcnu + 5;S^u'dnu (39) 
where u is an arbitrary function of x1 only and 8a]8] u'dnu is a pure gauge. The gauge 
potentials (39) satisfied the same reduced equations of motion (36), (37) and (38) as 
the abelian gauge potentials. A possible solution is then given by 
R = T = a expf -^x 1 ) , a = constant. (40) 
Here f is an arbitrary function of y, and the gauge potential is 
Al = a e~t*] [81 snu + 8^ cnu) (^ + fyf[y) + %S} u'dnu, (41) 
with electric and magnetic fields given by 
Ea. = t, a e~^x (c>2 snu + 8"3 cnu) f[y) 8. and (42) 
8° = £ a e~s*] (<*; snu + % cnu) f[y) (43) 
respectively. The energy and momentum density is calculated to be 
900 = £ 2 a 2 e - 2 ^ ' f2[y) (44) 
9°J = -¥ a2 e-2«*' f2[y) <S2> (45) 
Hence the Poynting vector (45) has a constant direction of propagation with magnitude 
equal to the energy density (44). This is true of travelling waves in classical 
electrodynamics. Since the electric field (42) is transverse to the direction of propagation, 
the solution (41) is a transverse progressive plane-fronted wave (Kundt 1961) travelling 
along the x2 - direction with the magnitude of the electric and magnetic fields being 
modulated by the function R of Eq.(40). 
The YM Lagrangian density and the CS Lagrangian density of this plane-fronted wave 
both vanish. Hence solution (41) has zero action. 
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A second solution of the equations of motion (36), (37) and (38) is found to be 
R = |- | | 1 + 1 j e**1 , b = constant (46) 
T = f- ( £ - 1) e^ , (47) 
f =
 e"<*
2+
*°). (48) 
By choosing the simple case of h = <*, the gauge potential can be written as 
Al = be«*' (<52sna + S3a cnu)SV(*2+*°> + 8°8*u'dnu . (49) 
Here the electric and magnetic fields are 
E° = Sbe**1 (<52asn« + 5^ cnw) e^2+*0 ' 52 (50) 
8° = £&»**' (52asna + 8] cn«) e^2+*°), (51) 
and the energy .and momentum density is given by 
000
 = ^ 2 t 2 e 2 « » l e 2 « ( , 2 + , o | ( 5 2 ) 
0°J = -^t,2e2«x'e24(^+xO) 5V (53) 
Similarly, the Poynting vector (53) points in a constant direction with magnitude equal 
to the energy density (52). The direction of propagation is also transverse to the electric 
field (50). Hence solution (49) is a transverse progressive plane-fronted wave travelling 
along the x1 -direct ion. The YM Lagrangian density and the CS Lagrangian density of 
this plane-fronted wave both vanish and hence solution (49) is a zero action solution. 
The electric and magnetic fields of both solutions (41) and (49) oscillate in the space 
coordinate x1 between the two directions 52 and 8a3 in internal group space and their 
energy densities are not bounded. Hence these solutions actually have sources located 
at infinity. 
The linear superposition of the two non-abelian plane-fronted waves (41) and (49), with 
directions of propagation that are perpendicular to each other, is not a solution of the 
YM-CS theory. However, in the abelian gauge of Eq.(34) or (35), their linear superposition 
is still a solution of the theory when f[y) of solution (40) is set equal to ey. However, in 
this case, the electric and magnetic fields do not have the same magnitude as 
E; = $(aef*'5} + be**'S*\ a* 8$ (54) 
8a = .Slae**' - b e ^ 1 ) e ' <52a. (55) 
Although the electric field is still orthogonal to the Poynting vector, the energy density is 
no more equal to the magnitude of the Poynting vector as 
000
 = ^ 2 e 2 , ( a 2 e - 2 | x l + b 2 e 2 ^ 1 _ < £ ) ( 5 6 ) 
0°>= £2e2»(ae-**'-be**')(£»**,$y-ae-**Vf2') . (57) 
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Also the Lagrangian density is now no more zero as L = abE? e2y and this solution does 
not have finite action. 
(C) The Cylindrical-Fronted Waves 
Here we introduce the hyperbolic coordinate as 
x' = r cosh a cos 0, x2 = r cosh a sin 0, 
x° = r sinh a, (58) 
with the unit vectors of the coordinates 0, a and r being 
r = 3 i ; p = (x ,2+x22)'/2; r = ( p 2 - ^ ) 1 ' 2 (59) 
respectively. By writing the abelian gauge potentials as 
A; = ^ ( / t e + T a J / - and (60) 
A; = ^ 0 , + T a j / ; (6 i ) 
where R = R[r),
 T = T (r) and /" = /"(a), the non-abelian ansatz can then be constructed 
by a quasi-linear superposition of these two abelian ansatze (60) and (61) in the 
presence of the pure gauge potential <5j r dnu - ^ - , where u is an arbitrary function 
of r. The resulting non-abelian gauge potential is 
A" = ^[Rz^ + r a j f'snu + ^[Rei^ + 1 a j f cnu 
+S"r dnudiL. (62) 
All the three gauge potentials (60), (61) and (62) will reduce the YM-CS equation of 
motion (4) into the following simplified equations, 
| l / ?
 + l | _ / ? _ [ Z Z L + iU = 0 , (63) 
dz1 z dz \ zz I 
1 - f (2T) + /? = 0, ( 6 4 ) 
z dz 
4- l-r- f + t a n h a / - ] - mf = 0 (65) 
a a l e a / 
where z = t,r and TO is a constant. The solutions to Eqs.(63) and (64) are 
* = £ <M): v2 = l j ^ (66) 
T = - — J z]/2 Kv[z)dz; a = constant, (67) 
where Kv[z) is the modified Bessel function (Gradshteyn and Ryzhik 1980). By changing 
variable to y = i sinh a = i ^ - , Eq.(65) reduces to the differential equation of the associated 
Legendre functions (Gradshteyn and Ryzhik 1980), 
[}
~
y2]dy-2f~2y-dy-f+ [n^n-^-T^)f=° (68> 
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and the solution is 
f[y)= K P » + en Q]n(y), m = n(n+\) 
= ~K c°sh a ± P»
 + < cosh a A Q » . (69) 
Here b , e are constants and P\ Q] are the associated Leqendre functions of the first 
n' n n' n & 
and second kind, respectively. When n = 0, 1, 2,.... the function PJy) becomes the 
Legendre polynomial. The first solution of the series is when n = 0 [m = 0) and 
f = sech a . (70) 
The gauge potential is then, 
At = a \l-5- I — e'z sech a (5,° snu + S" cnu) (0, + a J 
+<5!r dnudu. (71) 
and the electric and magnetic fields are found to be 
£a = t,a \M^ [ — e z] [8"snu + 5%cnu) (tanh a est + sech a p\) (72) 
B° = -$a JIT jJ_ er«] [S'snu + <52amu) . (73) 
The electric field (72) is orthogonal to the Poynting vector, 
00,
 = re Ua_ e - j 2 ( t a n h a pi - sech a ee') (74) 
and the magnitude of the Poynting vector (74) is equal to the energy density. Hence the 
configuration (71) corresponds to a transverse progressive wave. Upon calculating for 
the Lagrangian density, we found that both the YM Lagrangian density and the CS 
Lagrangian density vanishes and hence the solution is a zero action solution. 
Here the abelian gauge potential (61) can actually be transformed into the non-abelian 
gauge potential (62) by the finite gauge transformation co = exp(5j 9[r) T ), where 
6[r) = cos-1 (crew) = sin_1(snw) = amu. 
REMARKS 
1. The real and imaginary parts of the inductor solution (20) are by themselves real 
solutions of the Y/WCS theory. 
2. As reported in Oh et al. (1989), the action for the Euclidean space vortex-like 
solution 
Al = 0a{K,[z)^+iKo[z)^} + ^ l ^ (75) 
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also vanishes identically as LYM = - Lcs. However, this is not the case for the 
Euclidean space inductor solution. 
3. The non-abelian plane-fronted waves (41) and (49) fit only two of the three 
descriptions of Coleman (1971) that is the direction of propagation is a constant 
and the magnitude of the Poynting vector is the same as the energy density. The 
energy densities (44) and (52) are not bounded. Hence these solutions are not 
necessarily sourceless at large distances. 
4 . The abelian gauge potential (34) is related to the non-abelian gauge potential 
(39) by the finite gauge transformation co (x) = exp(<5" 6 (x1) T") where 8 (x1) 
= cos"1 (cnu) = sin-1 (snu) = amu. 
5. The second solution in the hyperbolic series of configuration of part C, that is when 
n = 1 [m = 2), in contrast to the first solution (71), does not have finite action. 
6. Hyperbolically symmetric and time independent, axially symmetric solutions of the 
YM-CS equation have been presented in the literature (D'Hoker and Vinet 1985). 
However, only asymptotic and numerical solutions were discussed. So far no exact 
solutions have been found for the ansatze of D'Hoker and Vinet (1985). 
7. All the quasi-linear superposition solutions presented here can also be solved by 
making use of the general ansatz presented in Teh (1990b). 
8. We also observed that a second quasi-linear superposition solution with similar 
properties as those of the first, that is Eqs. (27), (39) and (62), can be constructed by 
merely changing the Jacobi elliptic functions of the first. That is, cnu —• dnu, snu -* 
k snu and dnu —> k cnu and the second set of solutions of part A, B and C are just 
K= ®a ( R K+ T O dnu + % P K 
'+%[Rhll+TSP).ksnu + f>'Pllkcnu&*, (76) 
Aa = 8A R5 +x<5°) fksnu + S"IRS + x 8°)fdnu 
+ 5>' k cnu P-, and (77) 
1
 " dx1 l 
A^ = <5^( Ris)i+ TC^ ) fksnu + 5l(Resfi+ zajfdnu 
+ 8"r kcnu &L . (78) 
3
 v- dr v ' 
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